ABSTRACT. A tract (or asymptotic tract) of a real function u harmonic and nonconstant in the complex plane C is one of the nc components of the set {z u(z) # c}, and the order of a tract is the number of non-homotopic curves from any given point to oc in the tract. The authors prove that if u(z) is an entire harmonic polynomial of degree n, if the critical points of any of its analytic completions f lie on the level sets -3 {z u(z) c3}, where _< 3 -< P and p _ n 1, and if the total order of all the critical points of f on T is denoted by a3, then {nc'C6 N} {n+l}U{n+l+a" 1_<3 _<p}.
INTRODUCTION
This paper continues a study, begun in [1] and [2] of the asymptotic tracts of functions harmonic in C (entire harmonic functions). Definition 1. An asymptotic tract (or tract) of a real function u(z) harmonzc and nonconstant n C zs a component of the set {z u(z) c} for some real number c.
It was shown in [1] that each tract T is necessarily simply-connected and unbounded, and that u is necessarily unbounded in each tract T; in addition, is an accessible boundary point (in C) of each tract T. The local mapping properties of analytic functions show that the set {z u(z) # c} consists of a finite or countable number of curves which are locally analytic, except at the zeros of f'(z) (where f' is any analytic completion of u)--where the set {z "u(z) c} branches. Observe that the angle between the 'branches' must be equal to 2r/n for some n _> 1. We continue the study of harmonic polynomials in the plane initiated in [3] , where it was shown that, if u(z) is a harmonic polynomial in C of degree n, then the number, k, of tracts of u satisfies the sharp inequality n + <_ k _< 2n (1) A special case of our results, putting Example 2 together with Theorem 1, shows that, given any pair of positive integers n and k that satisfy the inequality (1) there is a harmonic polynomial u(z) of degree n with k tracts. This is stronger than [3, Theorem 3] where it was shown that there exists a harmonic polynomial of degree n that has 2n tracts for the case c 0.We also discover a restriction, for each given harmonic polynomial u(z) in C, on the number of tracts of u(z) c, as the constant c varies over . However we cannot have a situation where OT OT contains an arc in C, by the Maximum Principle. It follows, then, that, if OT meets OT2, the set OT1 OT must be a singleton.
If T1 and T2 are both upper tracts or both lower tracts for which OT1 OT2 {zo}, then there must exist an equal number of upper and lower tracts whose boundaries contain zo. Since zo must thus be a critical point of any analytic completion of u, there can be at most (n 1) such points zo (since u is a polynomial of degree n). Note also that, as c decreases, the upper tracts individually increase in size. Hence their total number must decrease as c decreases.
Our main result in this Section is the following. Assume next that, for some %, the level set {z u(z) ca} contains just two branch points, z and z2, of orders bl and b2 respectively (corresponding to zeros of f of these orders), and that Zl and z2 lie on the same component, C, of {z u(z) c} Then there is a Jordan subarc F of C joining zl to z2; let z' be any interior point of this subarc. Since C cannot contain any closed Jordan curves, it follows that there are precisely two tracts, T1 and T2, say, of u(z) c that have F-{Zl, Z} as part of their boundaries; we may assume that u(z) > c in T and so that u(z) < c in T2. Similar considerations also show that there is a Jordan curve J in T that joins z' to o inside T1, and a Jordan curve J2 in T2 W {z'} that joins z' to o inside T2.
We define J J J. Then J plays the same role as J did earlier (when it separated C1 from C2), and a similar argument to the previous one shows that n f'(z) (z 1)( )(z )(z )" (z a) , (0) and the sequence {%}=3 decreases to 0 sufficiently quickly, has the desired properties.
Finally, as was mentioned in the Introduction, suppose n and k are positive integers such that n + 1 k 2n. If k n + 1, we see from Example that there exists a harmonic polynomial u(z) such that nc {n+ 1,n+2}. Ifn+ < k 2n and weset bl k-(n+ 1) and b2 2n-k, Example 2 shows that there exists a harmonic polynomial u(z) such that {} { + ,n + + l,n + + } {n + 1, , n +
